We have investigated the universal scaling behavior of differential cross sections for the single K-shell ionization by electron or positron impact. The study is performed within the framework of non-relativistic perturbation theory, taking into account the one-photon exchange diagrams. In the case of low-energy positron scattering, the doubly differential cross section exhibits prominent interference oscillations. The results obtained are valid for arbitrary atomic targets with moderate values of nuclear charge number Z.
I. INTRODUCTION
The single ionization of inner-shell electrons by lepton impact is the fundamental atomic process of particular interest [1, 2, 3, 4, 5, 6] . In the present paper, which is a further extension of our previous works [7, 8] , we deduce the universal scaling behavior of differential cross sections for the single K-shell ionization of hydrogen-like multicharged ions by electron or positron impact. Special emphasis is laid on the energy domain near the ionization threshold, where accurate description of the electronelectron and electron-nucleus interactions is extremely significant. The study is performed to leading order of non-relativistic perturbation theory with respect to the electron-electron interaction. The nucleus of an ion is treated as a source of the external field (Furry picture). Accordingly, the Coulomb functions are employed as electron wave functions in a zeroth approximation. Due to the universal scaling behavior of the K-shell ionization cross sections, the results obtained allow for generalization on the case of arbitrary non-relativistic atomic targets. The parameter αZ, where α is the fine-structure constant, is supposed to be sufficiently small (αZ ≪ 1), while we assume that Z ≫ 1. The relativistic units are used throughout the paper ( = 1, c = 1).
II. IONIZATION OF HYDROGEN-LIKE IONS

A. Electron impact
Let us consider first the inelastic electron scattering on hydrogen-like ion in the ground state, which results in ionization of a K-shell bound electron. We shall derive formulas for the differential cross sections of the process. An incident particle can be characterized by the energy E = p 2 /(2m) and the momentum p at asymptotically large distances from the nucleus. We focus on the non-relativistic energies E within the range I E ≪ m, where I = η 2 /(2m) is the ionization potential, η = mαZ is the average momentum of a K shell electron, and m is the electron mass.
The process under consideration is described by the Feynman diagrams depicted in Fig. 1 . In the final continuum state, the electron wave functions are denoted as ψ p1 and ψ p2 . The energy conservation implies E − I = E 1 + E 2 , where E 1 = p 2 1 /(2m) and E 2 = p 2 2 /(2m) are the energies of scattered and ejected electrons. In the single ionization by low-energy particle impact, the emission of electrons occurs with arbitrary energy sharing. In this case, both diagrams depicted in Figs. 1(a) and (b) give comparable contributions to the ionization cross section and should be taken into account. Accordingly, the total amplitude of the process reads
Here τ 1,2 and τ ′ 1,2 denote the spin projections of the Pauli spinors in the initial and final states, respectively. The Coulomb interaction between two electrons is described by the operator V C (r 1 , r 2 ) = α|r 1 − r 2 | −1 , where r 1 and r 2 are the electron coordinates. The amplitude A a corresponds to the direct diagram, while the amplitude A b is due to the exchange diagram.
As the wave functions of initial particles, we shall take the corresponding solutions of the Schrödinger equation for an electron in the external field of the Coulomb source [9] ψ 1s (r) = N 1s e −ηr ,
Here N 2 1s = η 3 /π, η = mαZ [10] , Y lm (r) are the spherical harmonics, which depend on the variabler = r/r, and δ
pl are the phase shifts of the radial functions R (−) pl . The latter are orthogonal and normalized according to
The asymptotical behavior of the wave function ψ p (r) is "the sum of a plane wave and a spherically outgoing wave". The functions (5) are normalized by the condition
For the Coulomb field of a point nucleus, one has [9]
where ξ = η/p, Φ(x, y, z) is the confluent hypergeometric function, and Γ(z) is the Euler's gamma function. In Eqs. (8)- (10), the lower (upper) sign corresponds to the attraction (repulsion). Let us assume that on experiment we are interested in the asymptotic momentum of one outgoing electron only (for example, p 1 ). Then the wave function of this electron can be represented in terms of the partial-wave decomposition
which behaves asymptotically as "a plane wave plus a spherically converging wave". The functions (11) are normalized by the same condition (7) . As a wave function of another outgoing electron, we shall take the wave function of the stationary state characterized by the definite values of the energy E 2 , the angular momentum l 2 , and its projection m 2 , namely,
The radial functions R
El (r) are normalized to δ function in the energy
being related to R (±) pl (r) as follows
The partial-wave decomposition of the Coulomb interaction V C is given by
where r < = min{r 1 , r 2 } and r > = max{r 1 , r 2 }. Choosing the z-axis along the momentum p, we can perform the integrations over the angular variablesr 1 andr 2 in the matrix elements (2) and (3). It yields
where
, and C lm l1m1l2m2 denotes the Clebsch-Gordan coefficient. In Eqs. (18)- (21), we have introduced the dimensionless momenta k = p/η, k i = p i /η and the dimensionless coordinates x i = ηr i , (i = 1, 2). Accordingly, the radial functions (8) satisfy to the relation R
Due to the identity of electrons, the functions V l l2l1 can be obtained from W l l1l2 by simultaneous substitutions k 1 ⇋ k 2 and
The differential cross section for ionization of a K-shell electron is related to the amplitude (1) as follows
where v = p/m is the absolute magnitude of velocity of the incident particle. The summations are performed over the angular momentum of the second electron, because its state is not fixed. Equation (22) defines distributions over the energy and scattering angle. The element of the phase volume for electrons scattered into the solid angle dΩ 1 can be written as
In the case of unpolarized particles, Eq. (22) should be averaged over polarizations of the initial electrons and summed over polarizations of the final electrons. This can be achieved by means of the following substitution
Then the differential cross section takes the form
Let us introduce the dimensionless energies ε = E/I and ε i = E i /I, (i = 1, 2), where I = η 2 /(2m) is the ionization potential for the K-shell electron. The energy-conservation law now reads ε − 1 = ε 1 + ε 2 , where ε = k 2 and ε i = k 
Here ∆
Mb, where a 0 = 1/(mα) is the Bohr radius. In Eq. (26), the summation over the projection m 2 can be easily performed using the following relation [11] 
Here Π ll1... = (2l + 1)(2l 1 + 1) · · ·, P L (x) denotes the Legendre polynomial of order L, and the standard notation for the 6j-symbol is used. The scattering angle θ 1 is enclosed by the vectors p and p 1 . The formula (28) possesses the axial symmetry with respect to the direction p of incoming particles. Accordingly, the solid angle dΩ 1 is given by dΩ 1 = 2π sin θ 1 dθ 1 . Taking into account Eq. (28), the differential cross section can be cast into the following form
The angular dependence of the cross section (29) In Figs. 2 and 3 , the universal functions G(ε, ε 1 , θ 1 ) are calculated for different energies ε of incident electrons. One can observe several qualitative features in behavior of the universal curves within the near-threshold energy domain. For very slow collisions, the backward (θ 1 ≃ π) electron scattering is more probable than the forward (θ 1 ≃ 0) scattering. In particular, for ε 1.1, this occurs for both slow [ε 1 (ε − 1)/2] and fast [ε 1 (ε − 1)/2] electrons. For ε ≃ 1.2, the cross sections for backward and forward scattering become to be of the comparable magnitude. The slowest electrons (ε 1 ≃ 0) are scattered predominantly backward, while the fastest electrons (ε 1 ≃ ε−1) are scattered mainly forward. With increasing incident energies (ε 1.5), the dominant contribution to the ionization cross section arises from the fast outgoing electrons, which are scattered forward at small angles θ 1 . The backward scattering turns out to be increasingly suppressed. In addition, the angular distribution of the slow electrons becomes to be more isotropic.
Integrating Eq. (29) over the solid angle dΩ 1 yields the energy distribution for outgoing electrons
where F (ε, ε 1 ) is given by Eq. (31). This universal function has been already studied in the entire non-relativistic energy domain [7] .
B. Positron impact
Let us now consider the ionization of a K-shell bound electron due to the inelastic positron scattering. As in the case of the electron impact, the incident positron can be characterized by the energy E = p 2 /(2m) and the asymptotic momentum p, while the scattered positron is characterized by the energy E 1 = p 2 1 /(2m) and the momentum p 1 . The energy-conservation law keeps the same form, namely, E − I = E 1 + E 2 , where E 2 = p 2 2 /(2m) denotes the energy of ejected electron. Since the interacting particles are not identical, the exchange effect is absent. Accordingly, the ionization process is represented by the diagram depicted in Fig. 1(a) only. The differential cross section, which describes the universal energy and angular distributions for outgoing positrons, is given by the same formulas (29)-(32), where the function T
ll1l2 contains only the first term on the right-hand side of Eqs. (27) and (31). In Eqs. (8)- (10), which correspond to the Coulomb wave functions of the incident and scattered positrons, one needs to employ the case of repulsive field of the atomic nucleus (upper signs). In particular, the phase shift ∆
ll1 reads now as follows ∆
, where Figs. 4 and 5, the universal energy and angular distributions for outgoing positrons are calculated for few values of the dimensionless energy ε. Although the scattered positron can have any energy within the range 0 ε 1 ε − 1, the dominant contribution to the ionization cross section arises from the fast positrons with the energies ε 1 , which are close enough to the excess energy ε − 1. For slow collisions with ε 1.7, the differential cross section contains three pronounced maximums at different scattering angles θ 1 . With increasing the incident energies up to ε ∼ 2, the maximums coalesce near the zeroth angle, so that the positrons are preferably scattered in the forward cone (θ 1 < π/2). With further increasing the incident energies ε, the angular distribution of the fast outgoing positrons exhibits weak interference oscillations with increasing frequency.
The differential cross section, which describes the energy and angular distributions of the electrons ejected by positron impact, is given by
Here σ 0 = πa 2 0 , a 0 = 1/(mα), and ∆
, where ∆ ll2 = δ
The solid angle reads dΩ 2 = 2π sin θ 2 dθ 2 , where the ejection angle θ 2 is enclosed by the asymptotic momenta p and p 2 . The function (37) is reduced to the function (36), if L = 0. The energy ε 2 of ejected electrons lies within the range 0 ε 2 ε − 1.
In Figs. 6 and 7, the universal function (35) is calculated for different values of the dimensionless energy ε of incident positrons. Within the near-threshold energy domain, the electron emission occurs preferably at small angles θ 2 ≃ 0, although for ε 1.3, the differential cross section exhibits also a weak maximum at θ 2 = π. The total cross section is exhausted within the range of small energies ε 2 and small angles θ 2 . With increasing the incident energies ε, the relative amount of slow electrons ejected at arbitrary angles θ 2 is growing.
Integrating Eq. (34) over the solid angle dΩ 2 yields the energy distribution for outgoing electrons
where F (ε, ε 2 ) is given by Eq. (36). This universal function has been already studied in the entire non-relativistic energy domain [8] . Note also that, for any incident positron energy ε, the universal function F (ε, ε 1 ), which describes the energy distribution for scattered positrons, is symmetrical to the function F (ε, ε 2 ) with respect to the vertical axis crossing the energy interval in the middle point ε 1 = ε 2 = (ε − 1)/2.
III. GENERALIZATION TO ARBITRARY ATOMIC TARGET AND CONCLUSIONS
Equations (29), (33), (34), and (40) describe the single ionization of hydrogen-like ions in the ground state. However, due to universality of the scaling behavior, these formulas can be easily generalized on the case of arbitrary non-relativistic atomic targets, in which the K shell is completely occupied. Firstly, the ionization cross sections should be multiplied by a factor 2, taking into account the number of K-shell electrons. Secondly, one needs to simulate the screening effect of the passive electrons on the active K-shell electron, participating in the ionization process. This can be achieved by substitution of the true nuclear charge Z by the corresponding effective value Z eff , which is defined via [12] 
where I exp is the experimentally observable threshold for the single K-shell ionization. Accordingly, the energies of incident and outgoing particles should be calibrated in units of the experimental value I exp , that is, ε = E/I exp and ε i = E i /I exp , (i = 1, 2). The universal functions (30) and (35) 
